Results of experiments on the evolution of the Peregrine breather (PB) in a wave tank are presented and compared with numerical simulations based on the Nonlinear Schrödinger (NLS) and the Dysthe equations. The experiments demonstrate notable deviation from the NLS solution due to significant asymmetric widening of the spectrum. Good agreement of measurements with the solutions of the Dysthe equation is obtained. Contrary to the PB NLS soliton, no return to the initial undisturbed wave train can be expected. C 2013 AIP Publishing LLC.
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The problem of appearance of extremely steep freak (or rogue) waves in the ocean attracts considerable attention. 1, 2 These waves have heights exceeding the significant wave height by a factor of 2 or more. In random wave fields such waves appear mainly when the wave spectrum is narrow and nearly unidirectional. [3] [4] [5] [6] A possibility to generate deterministic extremely steep waves is of special interest. Very steep wave can be generated due to constructive interference of multiple harmonics. While this interference mechanism is basically linear, nonlinearity has a significant effect in determination of the focusing location and of the maximum wave height. 7, 8 An alternative and essentially nonlinear mechanism is related to specific properties of the governing equations. The Nonlinear Schrödinger (NLS) equation 9, 10 applicable for description of diverse nonlinear physical phenomena is the simplest theoretical model describing evolution of narrow-banded wave groups in deep water; it admits breather type soliton solutions. The so-called Kuznetsov-Ma breathing solitons present spatially localized patterns that oscillate in time.
11, 12 Akhmediev breather 13 is a related type of soliton that is periodic in space. When the periodicity in time and space tends to infinity, both these types of solutions tend to a simple Peregrine soliton 14 that is localized in time and space and breathes only once.
The spatial and temporal variations of the surface elevation ζ in a narrow banded deep-water wave group with the carrier frequency ω 0 and the wave number k 0 that satisfy the dispersion relation ω 2 0 = k 0 g at the leading order can be presented as
where a is the slowly varying complex group envelope. The wave steepness ε = a 0 k 0 , a 0 being the characteristic wave amplitude, serves as the small parameter of the problem. The following dimensionless scaled variables are defined in the frame of reference moving with the group velocity c g :
The evolution of the complex envelope of the surface elevation A(η, ξ ) as a function of the ''slow'' spatial η and temporal ξ variables can be described by the spatial NLS equation: In these variables, the Peregrine soliton is written as
At the origin of the scaled coordinate system |A(0, 0)| = 3 √ 2, and |A (η → ±∞, ξ → ±∞)| = √ 2, so the maximum wave amplitude at the origin exceeds the background amplitude ζ 0 = √ 2a 0 by a factor of 3.
The Peregrine breather (PB) was observed experimentally in nonlinear fiber optics 16, 17 and in multicomponent plasma. 18 Experimental observations of PB for water waves were recently presented by Chabchoub et al. [19] [20] [21] The same group also reported on experiments on higher-order breather, 22 where the theory predicts maximum wave 5 times higher than the background carrier. These experimental observations clearly show that an initially small ''hump'' in a nearly monochromatic wave train may indeed evolve along the tank in a qualitative agreement with (4). Nevertheless, there are some marked quantitative differences between experiments and calculations that cannot be attributed solely to experimental inaccuracy. The Peregrine breather was suggested as a major route to deterministic freak waves' generation. 23 The importance of PB for freak water waves prompted a closer experimental investigation of its qualitative and quantitative characteristics in a wave tank.
Measurements were carried out in the 18 m long, 1.2 m wide, and 0.9 m deep (water depth 0.6 m) wave tank equipped with a programmable wavemaker. Instantaneous surface elevation was measured by 4 resistance-type wave gauges mounted on a bar parallel to tank walls and connected to an instrument carriage; the location of the carriage along the tank was set by a computer. The gauges were placed along the center line of the tank with the spacing of 0.4 m. For more details about the experimental facility and the probes calibration procedure, see Ref. 24 . Measurements of wave group evolution along the tank were performed at 72 locations along the tank, up to the distance of 13.3 m from the wavemaker. At every carriage location, 3 realizations of the prescribed wave field were recorded, with the sufficient time delay between the consecutive events to ensure decay of any disturbances left in the tank from the previous run. Each measurement session, including probe calibration, wave generation, data recording, and carriage movement was performed automatically utilizing a LabVIEW program.
Selection of wave parameters in any given experimental facility is largely prescribed by the scaling relations (2) . To enable investigation of the wave form evolution up to the maximum amplification and beyond, as well as in order to mitigate the effect of contamination by reflected waves that cannot be fully eliminated, the maximum amplification location X 0 should be sufficiently far from the end of the tank. For the present facility, this means that X 0 should not exceed about 10 m. The values of |A(η, ξ )| defined by (4) differ notably from the background envelope only for |η| < 1. Noticeable variation of the breather maximum between the wavemaker at x = 0 and X 0 can be expected if
, thus the background wave steepness ε should be as large as possible. Waves with ζ 0 k 0 > 0.3 may break, rendering the NLS equation inapplicable. The expected PB amplification factor of 3 thus limits the maximum steepness ζ 0 k 0 to about 0.1. These considerations limit the carrier wave lengths λ 0 to values below 0.65 m.
Experiments performed for a few sets of parameters within those restrictions provided consistent results. Thus, the results for parameters identical to those in Ref. 19 only are discussed here: carrier wave amplitude ζ 0 = 0.01 m, period T 0 = 0.587 s, corresponding to k 0 = 11.67 m −1 , λ 0 = 0.538 m, and ε = 0.0825 (ζ 0 k 0 = 0.117). This relatively high wave steepness indeed results in waves on verge of breaking, however, no actual breaking or significant decay of wave energy along the tank was observed. The wavemaker driving signal was calculated using (1), (2) and (4), the maximum amplitude of PB was set at X 0 = 9 m (η(X 0 ) = 0.715). The total duration of the group was selected to be 70T 0 , with tapering windows over 2 end periods. The data processing is based on segments with the duration of 64T 0 or 32T 0 around the instant of the peak; the sampling rate corresponds to 128 data points recorded during each period for every sensor, thus facilitating Fourier analysis.
The recorded variation of the surface elevation ζ (t) is presented in Figure 1 at four locations along the tank in the frame of reference moving with the wave packet. No results in close vicinity of the wavemaker are shown as they are affected by evanescent modes. 25 The records of ζ (t) are in general agreement with Chabchoub et al. 19 and demonstrate notable amplification of the peak elevation from 14.2 mm at x = 2.25 m to 25.2 mm at the prescribed maximum location X 0 = 9 m. Several important features of Figure 1 , however, suggest a need for a closer look at the results. The maximum crest height at x = 11.6 m, well beyond X 0 , is 31.7 mm, significantly exceeding that at X 0 and very different from the maximum crest height of 20.1 mm at X = 6.25 m, while the solution (4) is symmetric about X 0 . The recorded wave forms also exhibit crests heights consistently larger than troughs.
The nonlinear wave train evolution is characterized by variations of the amplitude spectra along the tank, see Figure 2 . These spectra present an average of 3 realizations recorded at each location. Close to the wavemaker, at x = 2.25 m, the amplitude spectrum still retains the characteristic PB shape, with a sharp peak at the carrier frequency and an isosceles triangle-shaped pedestal. The pedestal widens along the tank and retains its triangular shape around the carrier frequency f 0 = 1/T 0 , however, while the spectral shape for f < f 0 does not vary notably, the contribution of higher frequencies increases with x, so that the spectra become strongly asymmetric. The 2nd and even the 3rd harmonics can be identified and become increasingly essential in the process of spatial evolution.
Several conclusions regarding the limitations of the applied theoretical model can be drawn from Figures 1 and 2 . First, the NLS equation (3) describes the evolution of the wave envelope at the leading order and does not account directly for non-negligible higher-order contributions. Quantitative comparison of the theoretical predictions with the experimental results thus requires computation of the envelope of the band-pass filtered record that contains frequencies around the carrier only. Second, the NLS equation provides at best qualitative agreement with the experiment for wave groups with wider spectra. 26 This suggests examining the application of the modified NLS (MNLS, or Dysthe) equation [27] [28] [29] that, similarly to the NLS, is of the 3rd order in nonlinearity, however, it contains additional terms of the 4th order that account for the finite spectral width.
The spatial version of the Dysthe model [29] [30] [31] appropriate for the surface elevation envelope A(η, ξ ) has the following form:
The scaling (2) is retained here; the scaled dimensionless velocity potential (η, ξ , Z) and the vertical coordinate Z are related to the dimensional φ(x, z, t) and z by
The initial condition corresponds to the PB envelope (4) at η(−X 0 ). Equations (5) and (6) subject to the boundary conditions,
are solved using pseudo-spectral method and split-step Fourier method. 30, 32 Since the dramatic increase in the maximum amplitude constitutes the major feature of PB, the dimensional maximum envelope moduli provided by the Dysthe and the NLS equations are compared in Fig. 3 with the experimental results. To eliminate contribution of higher order low-and high-frequency bound waves, see Figure 2 , the recorded signals were band-pass filtered in the range 1 Hz < f < 3 Hz. The envelopes of the band-passed filtered records were then computed using the Hilbert transform. The variation along the tank of the resulting envelopes moduli maxima averaged over the 3 realizations is presented in Figure 3 . For comparison, the averaged highest crests and the deepest troughs recorded in every wave train at each location are also plotted. The salient feature of Figure 3 is the difference in the maximum envelope growth rate between the PB soliton (4) and the solution of the Dysthe MNLS equation. For identical initial conditions, the equation yields significantly more moderate increase rate of the envelope maxima than that predicted by (4); the maximum amplification by a factor of 2.8 only (instead of 3.0 for PB) is attained at x = 11.6 m, far away from X 0 = 9 m, and maximum region is flatter than that for PB.
The experimental results are in a very good agreement with the MNLS solution up to the distance of about 8 m from the wavemaker. At larger distances, the maximum envelope amplification in the experiments is slightly below that predicted by the Dysthe model; the largest amplification factor of 2.5 in the experiment is attained at distances comparable with the theoretical prediction. Decay in the experimentally determined maximum following x ≈ 11.5 m may be identified, in agreement with the numerical solution. The flatness of the maximum and the lack of measurements beyond x = 13.3 m due to proximity of the wave energy absorbing beach prevented us from substantiating this result. During the initial stages of evolution, up to about x = 5 m, the differences between the extreme crests, troughs, and envelopes are relatively minor. At larger distances characterized by stronger amplification and wider spectra (cf. Figure 2) , the contribution of higher order components cannot be neglected. The exact ratio between the maximum crest height, the deepest trough, and the maximum envelope module apparently depends also on the local phases of the complex envelope and of the carrier wave, see (1) . These varying along the tank phase relations contribute to the observed scatter in the extreme crest and trough values. The absolute measured crest height maximum is close to 32 mm, exceeding the PB amplification.
A more detailed comparison of simulations with measurements is carried out in at five locations. The PB envelopes computed using (4) retain symmetry around the peak along the test section and for x < 13 m over predict the maximum values; the peaks are attained somewhat later as compared to the Dysthe model. Good quantitative agreement exists between experiments and computations based on (6)- (8) up to x = 9.25 m. The MNLS model correctly describes the wave group asymmetry around the peak value, with the front being much steeper than the back. The discrepancies between the experimental and numerical results then increase with x.
The evolution of the computed and the measured spectra with the distance from the wavemaker is demonstrated in Figure 5 . Only the leading order part of the spectrum around the carrier wave frequency directly computed from the numerical simulations is plotted. The results of MNLS simulations are in excellent agreement with experiments at all locations. The higher frequency part of the PB NLS spectrum agrees with experiment and Dysthe computations up to the prescribed maximum at X 0 = 9 m. Beyond this point, the higher frequency part of the NLS-derived spectrum starts to shrink, no such decrease is observed in Figure 5 in the measured spectral amplitudes and in MNLS results. Up to X 0 , the lower frequency part of the spectrum is significantly below the NLS-derived prediction. After the maximum wave train height is attained, the bottom plate indicates that the spectral widening becomes more prominent at lower frequencies.
These results thus demonstrate significant quantitative and qualitative differences between the spatial evolution of the NLS Peregrine soliton and the experiments. The present measurements confirm that a small hump in a nearly monochromatic wave train can indeed be amplified as suggested by the PB solution of the NLS equation. The amplification, however, is slower and weaker than predicted, so that the maximum gain of less than 3 is attained farther away than the PB maximum. The growth in the wave height is accompanied by a significant spectral widening, initially at frequencies exceeding f 0 and then at lower frequencies. This widening violates the basic assumptions in the derivation of the NLS equation for water gravity waves. As the wave spectrum widens and becomes increasingly asymmetric with the distance, the deviation of the PB NLS-derived wave and spectral shapes from those observed in the experiments and in the solutions of Dysthe equation enhances.
The relatively simple Dysthe model thus captures accurately fine details of the observed wave field evolution even for peak steepness approaching breaking conditions. In many cases, application of the MNLS equation in which the spectral width restrictions are relaxed thus can be advantageous to more advanced and complicated models. 32 The remarkable feature of the NLS Peregrine soliton is its reversibility. The present study indicates, however, that the wave height growth is not reversible. Both the available experimental data and Dysthe simulations show that the decrease in the maximum wave height following the maximum is only partial. The soliton observed in the experiments and described fairly well by the Dysthe model in fact does not ''breathe.'' This work was supported by Grant No. 2010219 from U.S.-Israel Binational Science Foundation.
